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Abstract. In this research, the notation of the folded graph of 2Ok will be defined
and denoted by F (2Ok), as the graph whose vertex set is identical to the vertex set of
2Ok, and with edge set E2 = E1∪{{(v, i), (v, i
c)}|(v, i), (v, ic) ∈ V (2Ok), i ∈ {0, 1}},
where 2Ok is the bipartite double graph of the Odd graph Ok; and E1 is the edge
set of 2Ok. In this paper, we study some algebraic properties of the bipartite double
graph of the Odd graph Ok. Moreover, we show that F (2Ok) is a vertex transitive
graph, and we determine the automorphism group of F (2Ok). Finally, we prove that
F (2Ok) is an integral graph.
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1. Introduction
The adjacency matrix A of a (simple, undirected) graph Γ is the n × n symmetric
matrix whose rows and columns are indexed by the vertices of Γ, and where Axy = 1
if and only if x is adjacent to y (that is xy ∈ E), and Axy = 0 otherwise. The square
matrix A is called diagonalizable if it is similar to a diagonal matrix, that is, if there
exists an invertible matrix P such that P−1AP is a diagonal matrix. The eigenvalues
of a graph Γ are the eigenvalues of the adjacency matrix of Γ. The characteristic
polynomial of Γ with respect to the adjacency matrix A is the polynomial P (Γ) =
P (Γ, λ) = det(λIn−A), where In denotes the n× n identity matrix. Because A is real
and symmetric, its eigenvalues are real numbers. Moreover, we can show that if v and
w are eigenvectors corresponding to the distinct eigenvalues λ and µ of A, respectively,
then v and w are orthogonal and we can conclude A is diagonalizable. The spectrum
of Γ is the list of the eigenvalues of the adjacency matrix of Γ together with their
multiplicities, and it is denoted by Spec(Γ), see [8, 9]. If all the eigenvalues of the
adjacency matrix of the graph Γ are integers, then we say that Γ is an integral graph.
The notion of integral graphs was first introduced by F. Harary and A. J. Schwenk in
1974 [10]. In general, the problem of characterizing integral graphs seems to be very
difficult. There are good surveys in this area [1, 2, 11, 12]. Suppose k is an integer not
less than 2 and [n] is a set of odd cardinality 2k−1, that is, [n] = {1, 2, ..., 2k−1}. We
denote by Ok the Odd graph as follows: the vertex set V of Ok, is the set of subsets v
of [n] with cardinality |v| = k − 1, and two vertices are adjacent when the subsets are
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disjoint [3, 5]. The graph 2Ok (k ≥ 2), where 2Ok is the bipartite double graph of the
Odd graph Ok, has 2
(
2k−1
k−1
)
vertices indexed by the set (v, i), where v is a (k−1)-subset
of [n] and i ∈ {0, 1}. Two vertices (v, i) and (w, j) are adjacent if and only if v∩w = ∅
and i 6= j [3].
In this paper, the notation of the folded graph of 2Ok will be defined and denoted
by F (2Ok), as the graph whose vertex set is identical to the vertex set of 2Ok, and
with edge set E2 = E1 ∪ {{(v, i), (v, i
c)}|(v, i), (v, ic) ∈ V (2Ok), i ∈ {0, 1}}, where i
c
is the complement of i (1c = 0, 0c = 1), and E1 is the edge set of 2Ok. It is clear
that this graph is a regular bipartite graph of degree k + 1. The bipartite double
graph of the Odd graph Ok is known as the middle cube MQk (Dalfo´, Fiol, Mitjana
[7]). The graph MQk has been studied by various authors [3, 5, 7]. One of our
goals in this paper is to obtain all eigenvalues of the graph F (2Ok), by the using
theory of equitable partition of graphs. First, we study some of the properties of the
bipartite double graph of the Odd graph Ok. Besides, we show that F (2Ok) is a vertex
transitive graph, and we determine the automorphism group of F (2Ok); in fact, we
prove that Aut(F (2Ok)) ∼= Z2 × Sym(2k − 1), where Z2 is the cyclic group of order
2. In particular, we completely determine all the eigenvalues of F (2Ok) in the light of
the theory of equitable partition of graphs, indeed, we prove that F (2Ok) is an integral
graph.
2. Definitions And Preliminaries
Definition 1. [9] Let Γ and Λ be two graphs. A mapping f from V (Γ) to V (Λ) is a
homomorphism if f(x) and f(y) are adjacent in Λ whenever x and y are adjacent in
Γ. If f is a homomorphism from Γ to Λ, then the preimages f−1(w) of each vertex w
in Λ are called the fibres of f . A homomorphism f from Γ to Λ is a local isomorphism
if for each vertex w in Λ, the induced mapping from the set of neighbours of a vertex in
f−1(w) to the neighbours of w is bijective. We call f a covering map if it is a surjective
local isomorphism, in which case we say that Γ covers Λ.
Definition 2. [4] Let Γ be a graph with automorphism group Aut(Γ). Γ is vertex
transitive if for any x, y ∈ V (Γ), there is some pi in Aut(Γ), the automorphism group
of Γ, such that pi(x) = y. We say that Γ is symmetric if, for all vertices u, v, x, y
of Γ such that u and v are adjacent, also, x and y are adjacent, then there is an
automorphism pi such that pi(u) = x and pi(v) = y. We say that Γ is distance transitive
if, for all vertices u, v, x, y of Γ such that ∂(u, v) = ∂(x, y), there is an automorphism
pi such that pi(u) = x and pi(v) = y, where ∂(u, v) denotes the distance in Γ between
the vertices u and v.
Definition 3. [4, 6] For any vertex v of a connected graph Γ, we define the r-distance
graph as
Γr(v) = {u ∈ V (Γ) | ∂(u, v) = r},
where r is a non-negative integer not exceeding d, the diameter of Γ. It is clear that
Γ0(v) = {v}, and V (Γ) is partitioned into the disjoint subsets Γ0(v), ...,Γd(v), for each
v in V (Γ). The graph Γ is called distance regular with diameter d and intersection
array {b0, ..., bd−1; c1, ..., cd} if it is regular of valency k and, for any two vertices u
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and v in Γ at distance r, we have |Γr+1(v) ∩ Γ1(u)| = br, and |Γr−1(v) ∩ Γ1(u)| = cr
(0 ≤ r ≤ d). The intersection numbers cr, br and ar satisfy
ar = k − br − cr (0 ≤ r ≤ d),
where ar is the number of neighbours of u in Γr(v) for ∂(u, v) = r.
Definition 4. [4] The intersection array of a distance transitive graph with diameter
d is
ι(Γ) =


∗ c1 ... cj ... cd
a0 a1 ... aj ... ad
b0 b1 ... bj ... ∗

 .
Remark 1. [4] It is clear that if Γ is distance transitive graph, then Γ is distance
regular.
Theorem 1. [6] Let Γ be a connected graph with diameter d and let Γ˜ be its bipartite
double.
(i) Γ˜ is bipartite; and it is connected if and only if Γ is not bipartite.
noindent if Γ is not bipartite and has diameter d ≥ 2, then
(ii) Γ˜ is distance regular of diameter 2d+1 if and only if Γ is distance regular with
ai = 0 (i < d) and ad > 0.
Theorem 2. [6] Let Γ be a distance regular graph with valency k, diameter d, adja-
cency matrix A, and intersection array
{b0, b1, ..., bd−1; c1, c2, ..., cd}.
Then, the tridiagonal (d+ 1)× (d+ 1) matrix
B =


a0 b0 0 0 ...
c1 a1 b1 0 ...
0 c2 a2 b2
...
cd−2 ad−2 bd−2 0
... 0 cd−1 ad−1 bd−1
... 0 0 cd ad


,
determines all the eigenvalues of Γ.
Definition 5. [9] A partition pi = {C1, C2, ..., Cr} of the n vertices of a graph Γ
is equitable, if the number of neighbours in Cj of a vertex u in Ci is a constant bij
independent of u. Let pi be an equitable partition of the graph Γ as follows, the directed
graph with vertex set pi with bij arcs from Ci to Cj is called the quotient of Γ over pi
and is denoted by Γ
pi
; also we denote the adjacency matrix of the directed graph Γ
pi
by the
matrix (Bpi)Γ
pi
= (bij). It is clear that if pi is an equitable partition, then every vertex in
Ci has the same valency. Note that the partition matrix (Bpi)Γ
pi
= (bij) is well-defined
if and only if the partition pi is equitable.
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Definition 6. [9] Let Γ be a graph. If H ≤ Aut(Γ) is a group of automorphisms of
Γ, then H partition the vertex set of Γ into orbits. The partition of Γ consisting of the
set of orbits which are constructed by H, is called an orbit partition of Γ.
Theorem 3. [9] Let Γ be a graph with equitable partition pi. Let (Bpi)Γ
pi
= (bij) be the
adjacency matrix of the directed graph Γ
pi
and A be the adjacency matrix of Γ. Then,
each eigenvalue of the matrix (Bpi)Γ
pi
= (bij) is an eigenvalue of the matrix A.
Theorem 4. [9] Let Γ be a vertex transitive graph and pi the orbit partition of some
subgroup H of Aut(Γ). If pi has a singleton cell {u}, then every eigenvalue of Γ is an
eigenvalue of Γ
pi
.
Proposition 1. The diameter of the bipartite double graph of the Odd graph Ok is
2k − 1.
Proof. We know that the Odd graph Ok is a distance regular graph with diameter k−1
(see [5]). In addition, if k is an even integer, then the intersection array of Ok is
ι(Γ) =


∗ 1 1 2 2 ... 1
2
k − 1 1
2
k − 1 1
2
k
0 0 0 0 0 ... 0 0 1
2
k
k k − 1 k − 1 k − 2 k − 2 ... 1
2
k + 1 1
2
k + 1 ∗

 .
If k is an odd integer, then intersection array of Ok is
ι(Γ) =


∗ 1 1 2 2 ... 1
2
(k − 1) 1
2
(k − 1)
0 0 0 0 0 ... 0 1
2
(k + 1)
k k − 1 k − 1 k − 2 k − 2 ... 1
2
(k + 1) ∗

 .
So, by Theorem 1(ii), we know that the bipartite double graph of the Odd graph Ok
is distance regular with diameter 2(k − 1) + 1 = 2k − 1.

Theorem 5. [3] The bipartite double graph of the Odd graph Ok is a distance transitive
graph, and its intersection array is
ι(Γ) =


∗ 1 1 2 2 ... k − 1 k − 1 k
0 0 0 0 0 ... 0 0 0
k k − 1 k − 1 k − 2 k − 2 ... 1 1 ∗

 .
3. Main results
Proposition 2. The bipartite double graph of the Odd graph Ok is a cover for the Odd
graph Ok.
Proof. The bipartite double graph of the Odd graph Ok has the property that, for
each vertex (v, i), there is a unique vertex in 2Ok at distance 2k − 1 from (v, i), say
(v, ic). Thus V (2Ok) can partitioned into
1
2
(
2k
k
)
pairs, and these pairs are the fibres of
a covering map from 2Ok onto Ok. 
Proposition 3. All the eigenvalues of 2Ok are the integers λi = ±(k − i) with multi-
plicity m(λi) =
(
2k−1
i
)
−
(
2k−1
i−1
)
, for 0 ≤ i ≤ k − 1.
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Proof. We know that all the eigenvalues of Ok are the integers λi = (−1)
i(k − i) with
multiplicity m(λi) =
(
2k−1
i
)
−
(
2k−1
i−1
)
for 0 ≤ i ≤ k − 1 ( see [5] page 74), and it is
well known that the eigenvalues of the base graph are also eigenvalues of the cover.
Therefore, all the eigenvalues of 2Ok are the integers λi = ±(k − i) with multiplicity
m(λi) =
(
2k−1
i
)
−
(
2k−1
i−1
)
for 0 ≤ i ≤ k − 1, because the bipartite double graph of the
Odd graph Ok is a bipartite cover graph over Ok. 
Lemma 1. Let k be a positive integer with k ≥ 2. Then, all the eigenvalues of the
tridiagonal (2k)× (2k) matrix
B =


0 k 0 0 ...
1 0 k − 1 0 ...
0 1 0 k − 1
...
k − 1 0 1 0
... 0 k − 1 0 1
... 0 0 k 0


,
are the integers λi = ±(k − i) for 0 ≤ i ≤ k − 1.
Proof. By Theorem 5, and Remark 1, we know that the bipartite double graph of the
Odd graph Ok is a distance regular graph, such that the valency of each vertex is k,
with diameter 2k − 1, and whose intersection array is
ι(Γ) =


∗ 1 1 2 2 ... k − 1 k − 1 k
0 0 0 0 0 ... 0 0 0
k k − 1 k − 1 k − 2 k − 2 ... 1 1 ∗

 .
Then, by Theorem 2, the tridiagonal (2k)×(2k) matrix B determines all the eigenvalues
of 2Ok. On the other hand, by Proposition 3, all the eigenvalues of 2Ok are the integers
λi = ±(k − i). Therefore, all the eigenvalues of the tridiagonal (2k) × (2k) matrix B
are the integers λi = ±(k − i) for 0 ≤ i ≤ k − 1. 
Proposition 4. The graph F (2Ok) is vertex transitive.
Proof. Let Λ = F (2Ok) and [n] = {1, 2, ..., 2k − 1}. It is easy to prove that the graph
Λ is a regular bipartite graph of degree k + 1. In fact, if V1 = {(v, i) | v ∈ [n], |v| =
k−1; i ∈ {0, 1}} and V2 = {(v, i
c) | v ∈ [n], |v| = k−1; i ∈ {0, 1}}, then V (Λ) = V1∪V2,
and each edge of Λ has one end in V1 and the other end in V2, and |V1| = |V2| =
(
2k−1
k−1
)
.
Suppose (u, i), (v, i) ∈ V (Λ), by the following steps we show that Λ is a vertex transitive
graph.
(i) If both vertices (u, i) and (v, i) lie in V1 and |u ∩ v| = t, where 0 ≤ t ≤ k − 2,
then we may assume u = {x1, ..., xt, u1, ..., u(k−1)−t} and v = {x1, ..., xt, v1, ..., v(k−1)−t},
where xi, ui, vi ∈ [n]. Let σ be a permutation of Sym([n]), such that σ(xi) = xi,
σ(ui) = vi and σ(wi) = wi, where wi ∈ [n] − (u ∪ v). So, σ induces an automorphism
σ˜ : V (Λ)→ V (Λ) by
σ˜({x1, ..., xt, u1, ..., u(k−1)−t}, i) = ({σ(x1), ..., σ(xt), σ(u1), ..., σ(u(k−1)−t)}, i).
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Therefore, σ˜(u, i) = (v, i).
(ii) We define the mapping θ : V (Λ) → V (Λ) by θ(v, i) = (v, ic) for every (v, i) in
V (Λ). It is easy to prove that θ is an automorphism of Λ. So, if both vertices (u, i)
and (v, i) lie in V2, then θ(u, i), θ(v, i) ∈ V1. Therefore, there is an automorphism σ˜ in
Aut(Λ) such that, σ˜(θ(u, i)) = θ(v, i). Thus, (θ−1σ˜θ)(u, i) = (v, i).
(iii) Now, let (u, i) ∈ V1 and (v, i
c) ∈ V2, so θ(v, i
c) ∈ V1, and there is an automor-
phism σ˜ in Aut(Λ) such that σ˜(u, i) = θ(v, ic). Thus, (θ−1σ˜)(u, i) = (v, ic). 
Theorem 6. The automorphism group of the graph Λ = F (2Ok) is the automorphism
group of Γ = 2Ok.
Proof. Let H = Aut(Γ), and [n] = {1, ..., 2k − 1}. We know that H ∼= Z2 × Sym([n])
(see [6], Proposition 9.1.8, page 260). Moreover, let G = Aut(Λ). It is not hard to
see that G ≤ H , because if f ∈ G and e = {u, v} is an edge in Γ, then e is an
edge in Λ. Therefore, f(e) = {f(u), f(v)} is an edge in Λ, hence, G ≤ H . Thus,
|G| ≤ |H| = 2(2k − 1)!. Now, if we find a subgroup M of G of order 2(2k − 1)!, then
we can conclude that G =M = H . Let K be the group that is generated by θ, where
θ : V (Λ) −→ V (Λ), by θ(v, i) = (v, ic) for every (v, i) ∈ V (Λ), is an automorphism of
order 2 in the graph Λ. Besides, let L = {fσ | σ ∈ Sym([n])}, where fσ : V (Λ) −→
V (Λ), by fσ({x1, x2, ..., xk−1}, i) = ({σ(x1), σ(x2), ..., σ(xk−1)}, i) for every v ∈ V (Λ),
is an automorphism of Λ. It is not hard to see that K and L are normal subgroups of
G and K ∩ L = 1. Thus, M = K × L = G ∼= Z2 × Sym([n]) = Z2 × Sym(2k − 1). 
Theorem 7. All the eigenvalues of F (2Ok) are the integers θi = ±(k− i+ (−1)
i), for
0 ≤ i ≤ k − 1.
Proof. Let Γ be the bipartite double graph of the Odd graph Ok, that is, Γ = 2Ok. For
any vertex v of the graph Γ, we define
Γr(v) = {u ∈ V (Γ) | ∂(u, v) = r},
where r is a non-negative integer not exceeding 2k − 1, the diameter of Γ. It is
clear that Γ0(v) = {v}, and V (Γ) is equitable partitioned into the disjoint subsets
Γ0(v), ...,Γ2k−1(v) for each v in V (Γ), since Γ is a distance regular graph. Let pi =
{Γ0(v), ...,Γ2k−1(v)} be a partition of the graph Γ. It is easy to show that the partition
matrix (Bpi)Γ
pi
of the graph Γ is equal to the tridiagonal (2k)× (2k) matrix
(Bpi)Γ
pi
=


0 k 0 0 ...
1 0 k − 1 0 ...
0 1 0 k − 1
...
k − 1 0 1 0
... 0 k − 1 0 1
... 0 0 k 0


.
So, by Lemma 1, all the eigenvalues of (Bpi)Γ
pi
are the integers λi = ±(k − i). On the
other hand, let Λ be the graph F (2Ok), that is, Λ = F (2Ok). We can show the orbit
SOME ALGEBRAIC PROPERTIES OF F (2Ok) GRAPHS 7
partition pi = {Γ0(v), ...,Γ2k−1(v)} for each v in V (Γ) is equitable partitioned for the
graph Λ, because Λ is a vertex transitive graph. Then, the partition matrix (Bpi)Λ
pi
of
graph Λ is equal to the (2k)× (2k) matrix,
(Bpi)Λ
pi
=


0 k 0 0 ... 0 0 0 1
1 0 k − 1 0 ... 0 0 1 0
0 1 0 k − 1 0 1 0 0
...
0 0 1 0 ... k − 1 0 1 0
0 1 0 0 ... 0 k − 1 0 1
1 0 0 0 ... 0 0 k 0


.
So, by Proposition 4, we know that Λ is a vertex transitive graph and, hence, by
Theorem 4, every eigenvalue of Λ is an eigenvalue of (Bpi)Λ
pi
. Also, we have (Bpi)Λ
pi
=
(Bpi)Γ
pi
+ C, where C is equal to the (2k)× (2k) matrix,
C =


0 0 0 0 ... 0 0 0 1
0 0 0 0 ... 0 0 1 0
0 0 0 0 0 1 0 0
...
0 0 1 0 ... 0 0 0 0
0 1 0 0 ... 0 0 0 0
1 0 0 0 ... 0 0 0 0


.
It is easy to prove that (Bpi)Γ
pi
and C are diagonal matrices, and (Bpi)Γ
pi
C = C(Bpi)Γ
pi
.
So, (Bpi)Γ
pi
and C are simultaneously triangularizable. Therefore, there is a base
{w1, w2, ..., w2k} for R
2k, such that all of them are numbers of the special vectors of
(Bpi)Γ
pi
and C. Moreover, we know that
θi = (Bpi)Λ
pi
wi = (Bpi)Γ
pi
wi + Cwi = λi ± 1 = ±(k − i+ (−1)
i).
Thus, F (2Ok) is an integral graph. 
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